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1 C N 1 F I C A N C E  . s N L  r .XPLANATI ON

Mdfl ’;’ i t n m~; ’ ;~~~~ ‘i ds I ;  fu r  heat  flow or fluid flow involve the specifi—

~~~~1~~) T;  O~~ ~ t s s  A I t ~~ ~~s~l u S  the boundary of a region which may depend in a

A r  ‘ I sh ion  A J ) O f l  t h i  ~ 5 knuwn  v a r i a b le  ( e . q .  t empera ture) . ~crmu 1 at ion

;r;d ~l:~~1~~~~SjS uf effi~~ ient numerical proced’;r (s for approximating the s olu t io ns

of v-h problems are studied . Previously, finite element methods used for

d l i r;q t~ ‘~se physical problems 4tav~ -~een at most second order correct in the1’

~1rru -diA~cretization error. _WlA -prod~ee method s which are second , third , and

~uu;° order correct in tim e and which convert the nonlin ar problems into

solution of large systems of linear equations via an extremely stable algorithm

w t :  essentially no restrictions between sizes of time and space discretizations.

The basic multistep methods presented produce different systems of linear

equations at each time step. A preconditioned iterative stabilization procedure

15 presented and analyzed which allows for the factor ization of only one large

natrix to be used at each time level in the solution process. Optimal order

(0
error estimates are obtained . ~ The paper also conta ins work estimates which

show the large computational savings of the preconditioned iterative stabiliza-

tion technique. Almost optimal order work estimates are obtained .
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~:I~~~j e  I ENT M i l l ) I ~YI hI PROCEDURE S FOR NONLINF.AX PARAHOL1 A ’

PROBLEMS WIT)) NONLINEAR NEUMANN
BOUNDARY CONDITIONS

Ri chard i:. Ewing 1

I .  I n t r O d u c t i O t I . We shall conside r the numerical solut ion of nonlinear para—
l o s t  I c  p a r t ia l  d I f f e r e nt i a l  s qua t  ions with nonlinear Neumann boundary conditions of
tin form

t )  c ( x ,u )  ~~ — V • 1 5 i ( x , u ) V u  • h ( x ,u ) 1 f ( x , t ,u)  • x ~~~, t J

b~ t ( x , u )  ~~ + b ( x , u )  . ‘v g ( x , t , u) , x ~~~~~~ t J , ( 1 .1)

( )  u (x ,O) (L~~(X) , x ~ 12 ,

w h i t e  i1 110 a lsoundi d domain in ~ d 
, d 1 , with boundary ~~~~~, v is the  outward

s ; i u t  norma l to ) i~ J — ( o i ,r l  • and c , a, b , f , q, and u
0 

are prescr i bed . We

h i l l  U se  a ;alerkin ipproximation in the space variable and high—order , t’ffic A t i A t ,

m u l l  v ;tt ) t ime—stepp ing procedures. We first present basic multistep tinte—ste~’p inq
i i  s s s , d t i r o u; w h i c h  produce a d i f f e r e n t  l i n e a r  system of equat ions  to be solved at
each t Int step . We then modify the basic procedures by using a preconditioned
i t ira t  lvi method to approx imate the solution of the linear equations . The use of
I t ime-independent preconditioninq matrix eliminates the need to refactor a new
matrix at each time step, while the iterat ive procedure stabilizes t h e  resulting
i1~iurithm , Using this modification , we obtain the same order error est imates as
tot the base scheme with greatly reduced computational requirements. We obtain
v er y  nearly optimal possible work estimates for our procedure.

t;a)~~rki n procedures for parabolic problems with nonlinear Neumann boundary
i t i s t  i t  tons were first considered by Douglas and Dupont in 181 . Then , in  1171

Luskin e x t e n d e d  this work of 181 to quasilinear equations similar to those con
A ; A ) t ’r ,sI here. Luskin used Crank—Nicolson time—steppinq methods which are second

Mathematics Research Center , University of Wisconsin—Madison , Mad ison, W iso o l I l o i n
~i t 1 ; A i 5  and Department of Mathematics , The Ohio State univ ersity , Columbus , Ohio
4 12 1( 1
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ot..le’i C O t i t ’ o’t in  t h e ’ t t ires’ s t t n s ’t ( ‘I t .’.t t  i o t A .  I I I  1.’~ , t t ie  t o l l  l I s s A  1 1 ; i ’s )  t h e  A t  t O i t  A \ ,
s t a b i li za ti o n  t es ’ t t t i t s f t I t ’S s l t ’Ve ’ l s t } ’e ’sl I I I  ( ‘I , 11) 1 to ) j s t  e ’ Z I I  o’o i f l I ) t l t t t t  1 0 1 1 , 1 I 1 ’ s e ’ ?  I i l i S t

variants of t h e ’  method s of husk in  ansi ext  en~)e.’d t to ~‘‘n’ met host ’;  t o  t t eat  s s ’ A I ) ’  I t •,i •
~~~~~~

.

tome of non t inear part lal differential etquat l A i n ; :  w i t h  v iot il  i I i e ’ a I  t~~soiiut, tt \ ‘ A ; ) i t  t A ’ t S

In th is pape r , we t’L’t ’st ’nt t lute—st epp I n~i ) ‘ l c A o ’e. s ) t l i  e ; ;  w h i c h  it  e ’ I t t  ‘thet  ~~s i t  s l i t i t A  I l i l A c

than I h o e  a na l  \ :  c o t  t t ~ I H I I , 171 . The~~oe’ t tu t e ’— St  e’p~’ i t i s i  ; ; s H I e ’fll e ’,; .11 C ’ h. i ’05 )  s ’ A ;  t

backward d i f fe r en t  iat ion m u l t i  st e~’ schemes j ef  . 1” , 14 , I H  . T h e y  have ’ tle , ’lt ) ‘ t  ~
canted and analyzed for s)u as i l l  near parabol t o ’ es~ u~t t  ion;; t’v ttramb t t ’ and Sammon III
( 2 ,  ~1 . Very e f f i c  t ent  a lt e r n a t  ing d ir e ct  j on v ar i a n t  •; t o t  0111c’ o~ tl E t ’c t a t i( l t i l ,t I
domains will, appear in (4, ‘s~~~.

The o f f  ic tent  t ime’ — s t  e ’Isp t t1o ~ I e’chn i quo ’s pre ’’.e ’lt t en ) tie ’ to’ can ~t i S t A  t~ ’ t i n e ’ s) 1
analyze approximation procedures for i n i t i a l  bound ary value pi ~t l~1e ’iitti l o t  many s ’t leo
typo s of nonl inear  p a r t i a l  dif  f e ren t  ia l  equat j o i t i l ; . The author ha ,reppl t e~ s t  i t  e ’ t  t-

t i ve stabilization techniques to equations of So bote ’v t ype’ ( I n  ( 1 0 ) )  w h i c h  have ’
applications in thermodynamics ,  f l u i d  f low in fissured rock , and she~arinq ot ;.c ’csss)

order f l u i d s .  In 111 , 12) , the method s art ’ appl 1 c’s) t O  o ’s~~Up l e’si ny st em~; o I equal i s i l l

which model miscible d isp lacement in  porous media .  Al so  the ~ut l i s ir  has U SI ’S) i t  e~t t
t ive method s successfully  for second order in t ime e sojuet t i e e n s  ( i n  ( 1 3 ) )  w h i c h  l i , tVe  5
appl i cations in v ib ra t i ona l  prob lems and nonl inear  v i s s ’ee ’l a e t t c i t y .

In Section 2 we introduce cer ta in  no ta t iona l  p r s ’ l i m i n a r i e ’o ;  arid t sr e ’l0e ’nt t h e
base t ime—stepp ing Ga le rkin  schemes. In Section 1 we pt ese ’iit  our i t er a t i ve ’ mosit-
f i ca tions  of the base methods and analyze the  e’f t e s ’t ot the i t e r a t  (V t ’  approximat  ton
on a s ingle  t ime step . In Section 4 we obta in  global e r ror  est imates toe a par t  is ~~
u lar  mu l t iet e p  method . Section 5 con ta in s  a b r ie f  discussion of t h e ’ computat iona l
complexity of the methods presented .

TI. P re l iminar ies  and Description of ~a l e r kin _Meth ods .  t t ’ t  (~~~
‘,~~~~ ) ~~

i ~, (g , , ~
) , ( ~~~, gi ) f~ ~ 4ids , and ~~ — 

~~~
,, ~ ~~

. Let Wk ( C )  t’i ’ t he’ Sotst~ e’V

space on C with norm

k 
( 

~~~~~ 

1/s 

( 2 . 11
~~X S~~~~~~~

with the usual modification for s — ~~ . When s .‘ , le t (I tj’ H k ~~~~~ k 
—

W2 H

and 
~~~ k k ‘~~~k ’ If  VT — (F

1
, F ,) ,  w r i t e  II VF U k 

j n  ~s l . t c t ’  sd

H W
• i/s

• H~~ ~ HF , . For definitions of corresponding fr a s’t iona t sit dt’ t lqSls’e ’S ,

see (16).

tat (M
h

} be a family of finite—dimens ional euhspaces of (C) with t h e ’

following propertyt
For p • 2 or p — “ , here’ e’X St an ill 1 es ter  ‘ 2 .~ti~i a s ’t ’t t n t  ali t 

~

such that , for 1 q r and (

_ _  

-2-
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IL H
I? - sU 4 hI’ - ‘4: ~ II . 11 )0 . i . . .’)

al no , l n sUm e  t h~it  M ‘ i t  t n t  i t S  t h e  f 1 1 s w i l l ; ’ — , i t  1 1  ‘‘ MV I ‘ A ’  ‘ n I n A )  I I ‘ 1 0 $ ’’
h

i )  L 11
1 

h t K f l .Il

— I
‘~ h ~ll , i,’ . A )

d

c) 11 ,11 + bII~~~
l)

I. C I I .  (

k e st r i~ ’t in t o s I  t ow ; ( w i t h  ( S)  te net jfl~ t I ’  ‘s i  i t  i o u  t i t t  t ict I ’t \’~

1) i s  U’ —r i ’nu lar .

21 15

1) There ox in t o ; .t con~~t au i t  K 0 n i , li that

~: l l , ’I? fl ’.~ .
— 1) 1

u :  X is  a normed s p ice ° T :  C w i t h  Sot -in fl .11 .incl .‘ I ‘I’) X , ‘ hen we
f un

• ‘11 ;;
a) CI ’ ,~II i l ’ .’ ( t ) C t ” l t f  , 1 ~: s’

h
S

( J ;X )  ~~~ ~
‘ J —

b) l I ’~’ II = SU~ ’ l~’ ( t ) I I
t (l oX) t s ( t 1

Thr oucth out  the  paper we s h a l l  assume’ t h a t  a and c are bounded ,il’ s °Vi i tisi
bet ‘w l v  pen it iVt ’  constants  and tha t  a , h , c , and si are sutooth fun ct  ion;; s ’t

; ; s  i t  ir ruments. We sh a l l  a l so  assume t h a t  the  s o l u t i on  u i i ;  ‘ ;u f f i ci e n f lv
0 t O t  our trquments  to hold . F1 iu t V 1 j c t  I e’xi t is i t  smoothness assumpt is ~ I A S  i i

~~~ sI t t ; ’ c o e f f i c i en t s , see 1 8 — 1 2 ,  1 7) ,

A t ~ 181 wt ’ shall introduce an aux ii iar~’ e l l ip t i c  problem t o  i t s )  IM s ’t i t

o t t ) , ; . r,e t ~ 0 be chosen sufficje’ntlv large that the’ bi liuie ’ar form

~, i ( ~~s ) . ~ ,’ , ’ \ 1  + \ ( s;. , \ )  — ç , j ( t , s,°) ,\ \

i t A ’ ’ i •

N ( 
~ ‘ ;~~ ,~~~) K~ ii ~ I i ~~ , ~ ‘ .

-1-  

_ _ __:. . - ..-.



I.t’t W M.~ 
be the projection of u into defined , for each t J ,  isy

N(u( • , t I W (  • , t ) , X) — N (u( • ,t) ; u( ,t) ,x) 
( 2  . e • )

— — ( c lu )  ~~~,X)  + (b(u) ,VX) + (f(u),X) + ) ‘ ( u , X ) , X e M
b

Then, as in (8, . ,  12 , 181 . we can obtain the following lenmta .

Lemma 2 . 1 .  There exists a constant K
1 
. K

1
(u) such that if Vt • u - W , s •

s It s • 1, and 2 q < r,

a) H nil ~ till— $ — 1  — tW

L (J ; H I L (J;H’)
(2. ”)

b) ~~ K + ~~ ‘I
~ L

2(J;H~) L
2(J~~~) 

)t 
~
2(J~~~)

In order to require weak smoothness assumptions on ~~~~~ , we shall need to l i t - c ’

sonic duality theory arid obtain noise approximation theory results in negative-
indexed norms. For these results, assume that (‘1, a, b , c. and g are suffi-
s l t ’ r o t l v  smooth (161 that for each t J, if

a) - V • (a(x,u)Vul + )e
1
u — * , x t

1

b) a (x,u) — 
*~~~~I X E

the n

H u H .,~42 ~~ 
K ( U ) ( f l r 4 il ii k + l * 2’k+ ~

2

If (2.8)-(2.9) holds , we shall say that a is H~~
2—reguiar. Next, define f~’r

hi ‘
~ 0,

a) H* $ k ‘~ sup~ (* ,p ) lt, H~ • l}

10)
b) sup( (~ ,~.)  z 

~~~ — i}

Le~~a 2.2. If (1 is H~~~
2 -reguiar for k < 1, there exists a constant K(u)

such that for 1 ~ q ‘ r and t J,

+ I n I  + ~ ~~~)~~+k($~~~ + } . (2.~
-k q q

Proof t See (12) .
We also sake the assumption on {M 1,~) and u that there exis ts a constant

K such that

—4-

-p

S ~~~~~~ —— - •



~
lf ( , l ; 

+ ‘
~~~~ ~ 

L )  
+ lL~fI

L ( 3 ;L  ) L (J,•L I
I 1 4:~ w 3 W  H

~~~K2
~~‘ 1 A t  1. )t 1I. ( J o t) ) L ( J :H  ( D C ) ) L (J;H

~; t f t c j 0 ’r i t  ceuo s h t i o n s  for the ah~~ve ’ to hold can be found in [9 , 10 , 18).

We~ next  consider  d i s c r e t e - t i m e  G a l er k i n  approximations . Let ~t ‘ 0,

— T ’’ t Z and t ’ = •v~t , S Also let t4:~
i
(x) p (x,t~

i
), and

n + 1  rin + l  i, — i ~ ’
a) d~~’ —

• l o l l  ri+ l i ih)  ~~ = —

~ ~2~ n+l ~, n+ 1 
— 2~~n 

+ ~n— l (2 . 12 )

t n+ 1 ro +j ii n—i n—2
• 1)  •~S ~ = — 3~’ + 3uj, —

•4 , n+1 • n+1 n n—i n—2 n—3
e) ~~ y ; - 4ujo + 6iP - 4 i ~, + t ~

i’~’ Mt’Xt define  a f am i ly  of extrapolated coef f i c ien t  backwards d i f f e r e n t i a t i o n  mul t i -
- i  e n  l is c r et e  t ime methods.

Let ii 
~
t O~~• • • e t N M.~ be an approximate solution of (1.1). Assume that

U are known for k < n .  Then , given certain choices of parameters t~. a1
, 

~~~~ •

and and an extrapolation ~
n f l  we determine U~~

’1 to sat isf y

(c(~~~~~) U U  
XI  + B ( a~~~~~~~VU~~~

1, ~~ )

= B ( g ( t ~~~
1, t3’~~~ x l  + (C(U n i

) j •_ l n U n +cz U
n_ i

+ a U
n_ 2

+ a U
n_ 2 ) ,  )() ( 2 .13)

— B ( b ( U n+
~~) ,  VX ) + B(f(~~

n
~~ ~ n+l

1 x l ,  ~ M,
11

-n+l nA par ticu lar  example from this family  of methods is the choice U U , B 1

a nd a , = 0 , i — 1,2 , 3 ,4.  This choice is the the well—known backward Euler method

wi th  lagged coef f i c ien ts  which is known to have t ime—discret izat ion error of order
•‘t. Other choices of the parameters and extrapolat ion in the coeff icients  yie ld

2 3 4temporal errors of order (t~t) , (\ t )  , and (t~t)

~~~
‘ i

~~
_

~~~
__ 

~~~~~~~~~~~ • ~~~~~~~~~~~~~~~~~~~~ • :..•,•~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



We present the  St S~~’e ’c i a 1 cho j , ’t’t: i ii toe ’ follow ing t ,t x i c ’ .

Table 1: t~t ’ 1e ’ct~~l M u lt  istep Metin~ i’

Extr apolat  ion t~ •i~ a a T i m e — d i s c r t ’t  i za t  i n x ~
~n+ l  Error

_ _ _ _ _ _ _  _ _ _  _ _ _  _ _ _  
~~~~~~~~~~~~~~ .- - ---~~~ 

1 0 0 0 0 tit

2 ’ 3  1/3 - l ’~ 0 0

6/U 7/11 -9/U 2 / U  0 (~ t)3

n+1 54 n+l  12/ 25  2 3 ’ 2 5  -3b 25 le ’25 -3/ 25 (. \ t ) 4

We note that by ex t rapo lat inq  the  c o e ff i c i e n t s  in ( 2 . 1 3 1 , we have reduced each ,‘t
the above problems to the solution of a different set of linear equations at e ’~~~ c i t

t ime step.

I I I .  I t e r a t i ve  S t a b i l i zat i o n  Procedures. In t h i s  section we consider t ’f f i -
cient methods for solving the linear eauations arisinq from (2.13). We note that
the coefficient matrices from (2.13) change with each t ime step. In order to avoid
the factorization of different matrices at each time step to solve the different
systems of linear equations , we shall present an iterative method for approx imating
their solution to sufficient accuracy .

Let {~~~}M be a basis for M. and le t  um frbrn ( 2 . 1 3 )  be wr i t t en  as
i. 1—1 ti

— 
~~ ~

I

~~ i 
. ( 3 . 1 )

i—i

Using ( 3 . 1) ,  (2 .13 )  can be wr i t t en  as

L~~(~~) (
~~~~~~~

-
~~~~) tC n ( C ) { ~ + AtF~~(~ )1 (3.2) 2

i — i

where the matrices and vectors are of the form

-(•‘-

L~1 _ _ _ _

~

. . • - ..
. 

.
• 



i [
1

( 0 )  ‘ ; ‘.-\

i t  
~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~ . , , . ) (

— A . A l

~~~ A~~(~,I — i ( . t ( ‘‘ ‘ ) ‘ .. ‘ ) )
~ 1 1
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In order to estimate the cumulative error , we f i r s t  consider the single step

error . We define ~n+l to satisfy

• 
L~~

(y )  ~~n+1 
— y

fl
) F

5(y) , n ,~~ 
. ( 3 . 6 )

We can use any preconditioned i terative method which yields norm reductions of the
form

IiL n (Y ) l/2 (Y n
~~ — 

fl+l)11 < p~~~~~~~~~
2(y~~

’
~
’ n+l 

+ 6~~~~
1
y~~~

1
)II

where 0 < p < 1 and the subscript e denotes the Euclidean norm of the vector ..

• A specific iterative procedure for obtaining (3.7) is the preconditioned conjugate
gradient method analyzed in [1 , 9 , 10) .

Let

a) Jl~~ii
2 ( c(V )~t ,P)

b) ii pi1 2 = ( a ( V”~’) V’P , V’P ) , (3.8)

c) = 

~~~~~ 

+ (~t)
1”2fl~~II

be special norms and seminorms. Note that Ii ii and 11 .11 n are uniformly equi—
c a

valent to ii •iI and iiV • ii , respectively. Then letting

N

~ ~~
p . , ( 3 . 9 )

i—i

with ~m defined in (3.6) , we see that ~~41 satisfies

~
‘1 

~~~~~ + B ( a ( V ~
’
~~)VV ’

~
”
~~,VX) + B(b(’~~

’
~
’),VX) 0

(3.10)

= B (g( t ,~~~~~) , X )  + B ( f ( t  l
~~

n+l ) X )  + (c (’~~
’
~
’
~ ) . 

~ ai~~~
+l_ i

,X) , X c t4.~ .

1=1

• Also using (3.8), our single—step error (3.7) becomes

j~~~ ,II6 ’~V~
h IH1.r, n > ji + 1 . (3.111

We note that as in t6 , 12), there is a Q depending upon bounds for the coeff 1-
cients , such that
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- • x r  o - n ,  • - 

• oi l . ‘sr;s i 1 t o  ; ; l n; ;  I f i t - I  i 1 1 , - n t

i ( x ,  t ). ; o J 0 • x f • ,  t ‘-

1 o (x ,’ l  :_ .1
= ;(x ,’ , -;) , x ’  ° . ,  t c .1 , (“ .1)

ol i (x , ))  = o
1
(x) , X ‘ Ii

c-;5 - c i t ,  h - o s  ox o : — ; n ~~- t 5 t . h i  t I c - n —  ‘ i - b r ‘ f i i c i e n t  t o m t ’— st e n r ’ l roct ; r ocedures  w i t h o u t  ~~s

i l l -  I - • ‘ri o - x o  ‘ - .- 1’ r n  l O tS - .0 r i • I s - ; ;  , ox - , t in  the  t;~-u r ’ ,-i r- r, houn~~ai- v cond i t i on .

- f - - i - s ~ri; i - ‘it -: , ‘s - sh a l l  i - r e s e nt  t he  ~b ot a  Us  fo r  t he  n-art icular ri~~t h od

• ‘ s - - ‘ h o  ice  sf r - a r a n~~- t cr ~- ’ .’j , ’  l,is t i m e — : l  i c o r et  izat ion error of order ( 5 ~ t )  whe re

3. P t  of ~ of o t  a l l  I ;  t v ,in-~. °orov er :rence for  the other  ri - t h o o l s  follow simi1ar1~’
n - n i v ~~l f r o m  t h e  r : -ncso f s  of sim ilar problems which appear in 17).

0 ~- o r  = 3 , t h -  i-a ’:,- it - ; rcxonci tisn ‘;cl’cric for  ( 4 . 1)  : rom ( 2 . 1 3 )  can be w r i t —
- 0 .  • ZS

~ no- i - , - -  n-f l
(c ¶ ‘  , ‘1 + —f- - • t  (a t , .
n+1 1.  n+l

ii . - t  r ( t  1’ ,Y~~~
1

) ,X) + ( c
1

l~ -j - ~U~~- ~~
n _ l

i • X ) , X ‘

s-h , ’r~ c c (x , t~~~~) ,  a - a(x ,t~~~ ), and = ~~~ — 3~
n 1  

+ ~ n — 2  Let
0 * 1  n-*l

= u~ - ~~~
t’1 and .~~-o 

= •ç fl ~q
fl We know from Leninia 2.1 that W is  a func t ion  in

b-b . ~‘h i oh is s u f f i c i e r o t l v  close to u. We next estimate how close V and W are .

i ’ r - ’m (.b.e), (4.1), and (4.2), ws ’ o b t a i n  the  fol lowinco error equation
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. 10+ 1 i- At  , , n+ 1 , -(c
1- - ,X) + j -j - — ( a 1~~ ‘ k )

= (c
1 [~~~ 

~~ 
- 

~~ 
~~f l l

1 X) + ~~~~~~~ AA t (q~~~
1
, 5 )

+ ~t(c 1
[d~~~~~ - 

~~~ 
d~ n~ + ~~~

6 ~~n+l n+l 7 in 2 n — l
+ (C  l~ 

“~~ 
— óu + IT 6U — IT ~ l ,x )

(4 . 3)

+ :~j - ~t ( a ( t in
~~~,~’

fl4 l ) — g(~
fl+l

,~~
fl+l

),~~)

+ Nc
1
(V~~~ 

— ~~~
1)X) + ~~ ~t(a 1

V (Vn~~ -

(c~~~~1~~~~~ 
~~ç

in 
- 

~~~
_ 6

~~~
1) x )  + T~~

1
( X ) + T~~~

’(x )

+ T~~
’1
(x) + T~

’
~~ (X), X

Term T
1 

enters because we are comparing V to W instead of directly to u.

Term T
2 

measures how well the multistep scheme approximates ~~
‘
~~
‘ and term T

3
arises from the nonlinearity of g. Finally, the single—step error made by using
the i terative procedure to approx imately solve the linear equations appears in term
T4

We shall f i r s t  present a few lemmas which will help separate the various parts
of our analysis. First we note that the parameters 8(~i) and cz . ( p ) ,  i = l ,...,4,

are chosen in (2.13) to insure the following consistency result.

Lemma 4.].. For each 3i = 1,2,3,4, the choice of parameters $(~j) and c z . ( U )
i = 1,2,3,4 given in Table 1 yield s

- [~~
n+l 

- ~~~~~~~~~~~~~~~ ii < K~ (A t)~~~ . (4 .4 )

We next consider the following lemma which wil l  provide the estimates for the
basic stability of our methods.

Lemma 4 . 2 .  Assume that Zn satisfies, for m 2 ,

[(c 41~z~~
1,X) + ~~~~ A t ( a ~~~1VZ~~~

1, v X ) ]
n=m (4.~

)

= 
~~ l

( ( [
7 

~~~ - ~~ ~Z~~~ ) ,X ) + (F~~
1, x ) ) ,  ~ 1

n—m

— 10-

~ 
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We ru’xt ‘ ; t a t e ’ t h e  major  result of the paper .

t ’h i i ’ s ’~~t ’in 4 . 1  . l e t  in and I’ s at i s f y (4.1) and (4..’) , respect iveI ~’ . Let V l’~- t h1
( ‘1 .U i V i ’  \‘~~ i iaiit oh  ~ ‘-oat i st y inq (4. ~) , ( 1 .10) , and (1 . 11) w ith ,‘ sat i~

; t V III ’ I

i 4 . •‘ Il Is’ low . let u I ’ (it ~~E
) ~ W4

(J ,W ~) and eith er

it f t f ~
(
~~t ) Jh iit  K when I) ~s H3

—reqular and h
2 cAt , i i i

r
c 1 ’ (3 H ) .

The-sn there ’ ox i’;t constants K
R (u) , depending upon the norms of u, and 

~~ 
•i t i . i

‘sich tha t if  r ~l - .’ , At mln(r
0
,hd’€}, and h h

0,

sup I~~ - K~ (u) th
r + (~ t ) 3

~
n

P I s I - s i f : l o t  t m e t  X — ~ i~~’l In ( 4 . 3 )  wI th  in — 3 and uslnq (4,t-s) , we ob t a in

IL~-II + +
a 

(4.10)

.° K~( Hb . ) I  + ~
( ~~n+1 ~ + ~~ n+i ff 2 

+ ~~ 
~ T 1 (~~~

4 -t ) I )
n—i n 3  i—i

Next , WI’ SOC that from (2.7) and (2.11),

~~~) T ( ~~”~~~) < K fl+l H~~ II + ~ IId t nm+ hI i~~+h II l~t
n—3 j—0 

(4~~~ )

K9(u) h
2’ 

~ 
1

wh e t e ’ K — K ( ul ~ + I~j I ) . We note that use of (2.lb) in st e a d
~ ~ L’(J:H”) ~

t I L
L
2
(J,H

r_l
) 

rof Lernm~ ( 2 . 2 ) , would have required the assumption L~ (J:H ), a much Mtts ’ i- - ’ t - ’ s

smoothness assumption. From Lemma (4.1) we ese that

~~~~~ 

) T ~~~~~~~~
1) J ~ (u) (~ t)6 + ~ 

~~~~~ . i, 1. b  - ‘

We next use ( 2 .4 1  and smoothness of W to obtain the bound

—1 2—
I

—~~~~-. .-~~~~~~~~ 
-



~ 
1+l

(~~fl+ l
) K ~ (k I + K2~~~t) + ~ j 6 ~ fl+1~~~) )  I~~~IAt 

- 

I

n+ 1 3
9.- i 2

TI.- n= 3 j O  (4.11)

i—i
+ ~~ 

[1l h~’~’~’lI + h~~’11 ]A t } + ~ 
i
~ lkn+1Il2 

~~~~n+ln— i n 3  a

Using ( 3 .8) , ( 3 .11) and (3.12) we see that

Q. —1

~ I ’~~~
’
~~) ~ 

f l+j  — ~~
1III IlI ~~~

1Ifl
n=3

‘
- ~ p . IIi6~v~ ’- IIl IIk~ ’I!I— n+ 1 n nn 3  (4.14)

i— i  3 4 n - f l
‘0 ~ K(u) Ø ’,~,1( ~ III ~~~~~~~~ 

+ (At) Ik II~n=3 i=0

t—l 2 i— i 2
< K ( u )  [ ( A t )

6 
+ ~ IIC~l1 At) + ~ llC~11 At

n+l— 

n=3 n=3 a

t— l p ’ 2
fl-f l

+ Y III~~ i~n=O

Noting that the multiplier in the last term on the right side of (4.14) is bounded
by ( n+ l ) / 16  usinq ( 3 . 1 2 ) ,  we combine (4.10) - (4,14) and use (4.9) to obtain

2 2II~~ !~
2 

+ ~ ~~~~~~~ o +111 + II~ - f O  lit ]n+ 1n=3 a
9, —i 2

< K ( u )  [h2’ 
+ ( A t )

6 
+ ~ II~~Il At ) (4.15)

n=3

2 L—l
+ K ~ + ~ (n+1)

n 16 nn=3 n=3

We note that if we can bound the last two terms on the right of (4.15) , we can then
use the discrete Gronwall Lemma to obtain our result. In order to bound the next

n+1to the last term on the right side of (4.15) we let x in (4 .3)  and use
(4.7) to obtain

+ litH~~ll~ < K 5 IAtJI C~II~ + 1Ikc 2 111 1 + III6c~I II
n=3

(4.16)
9,— i t—i 4

+ ~ Ilc ’~” Il1 (At)~ + ~ T ’~~~~~~
U) I]

n~l n 3  i—i
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As in (4.11) we use (2.7) and (2.11) to Id ’ a I I I

t — l

~ I T ~~
1 

(~~~~
1
~~ 

1
) 1  < K ( u ) h ~~’ \ 

I I )  
5 , Y1+ 1 II , . (4 . 1 7 )

n 3  3

Similarly we see that

I K(u) (lit)6 4 
~ ~ II I , ~~II! . (4.1H)

0 

nx 3 n=3

Using (2.4) we then see that

i—i 2

~ IT~~ (6 ni
~
i) < K ~ ( 1

n+ l ) + X2 (lit) 3 + ~ n+l i 1) ~~fl+l~~0~
n 3  n—3 j*0 (4.19)

~ ~~~~~~~~~~~~~ + K (u )  ( ( l i t ) 6 
+ ~~ t)k~~ 11

2lit + H c ~ ’ )I1~~t) 2~
fl_ i n=l - ‘

Then, as (4.14), we use (3.8), (3.11) , and (3.12) to obtain

1 

P~I II ~
4
~~~I H n I!t W~~I Il nn=3 n=3

~ 
3K
1~~~~~

{~~ III ‘IlI ~~ 
+ (At ) 4

~I)~~~’III ~ (4.20)
n=3

— 

~ 
K (u) (lit) 3 + 12 

~~~ p~Klo~III6c fl+ullI~n— O

where K
10~~ 

depends upon local upper and lower bounds for the coefficients a~
and c (see (4.21)). Then iterating on the preconditioned iterat ive procedure

sufficiently often that

~ (48K~~~~)
=1 min{a(t )~~: j—n+l,n,n-1,n-2

) 
, (4 .21 )

48 sup{a(t ) : j= n+ 1,n , n—l , n—2 )

combining (4.16) — (4 .20) , and using (4 .9 )  we see that

2 2

~ III~5c~ ’ll~ + AtII C~ ll~n 3  (4.22)

< K(U) th2r + (At)6 + ~ { ifc~ ’ H A t  + if n+1 if
2 2 )

fl- 3

In order to bound the last term on the right side of (4.15) , we let X = (n+1 ) o4~
i
~~

and use (4.8) to obtain
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. 0 + 1
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0 4  
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~~ 

I~ 
~~~~~ 

~ r ,
h h $  

‘I ( r t +  1)  .‘o
T I  3 i i  3 j~ () 

( - ~ .‘4)

I t -  ( n +  1) , , n + I  ~~~~~‘ 

01
1 1 +  I I  

~.t + ~ ~~ 
I~~ ,~

I i + 1  Il~ ( i i +  I ) -
.

i i  4 
- 

I I  I n= 1 -

i t  - o  • ~ ,
‘ (J ;H T ) , wi have from (2.7) t h a t

1
II~~1 Il2 A t  ‘ K(U)h~~ . ( 4 . 1 ° )

n= 1

• tis inq (2. 11) we have , i f  h ’ < .\t

~
‘lI d~fl

n+l II
2

( f l+ I ) ,~t ~ K ~ dI~~’II + ~f~~~~~~~~~h
2r
~~~(fl+l)Al 

(4.. ’-)

K ( f  t ! Hu ( . , t )  ~ + H~~~
,t )  f12 1 , I t ) h .1

-, s ’t e :  that h ‘- lit is not a stronq r e s t ri c t ion  for  these h i - i h  order  t i m e — s t t ’ 1 - I - l b I o
~nethods. The constant on the r i gh t  of ( 4 . 2 i - )  determ in es  th e ’  smocithiie ’cs 3 5 ’ ; l U f lJ  t l O l l ’ -

we need on u and ~~~~~ for this argument . We note tha t  for 1 int’ar , t ime’-depe’ride’nt

L ’~ Ob l t ’41%c the assumption

f

T
tll~~~( )  II2dt < K ( 4 . 2 7 ~r —

i - u  r ou qh ly  equivalent to ‘~~~~~ ~ L2 (J ; H t’_ l
) ,  the assumpt ion needed for ( 4 . 1 1 ) ,  ansI

-h weaker than the assumption L~~( 3 ;I I  ) which has been made in  [7 , ii , 17)

similar estimates. Using (4.4) we see that

Y !T~~
’
~~ n+1) cr~~

1) )  ~ ~~ (n+1) ~~~~ + K ( u )  ( A t ) 6 
.

~~~~~~~~~ _ _  _ _ __ _ _ _



Wi.’ next consider the T3 term from (4.23). Note that

I~~
’ T~~~

1( (n + l ) ~~~~
’
~~ ) I < I ! < ~~ 63W~~

’,~~C~~
” )(n + l) l it I

n=3 n 3

i—i i—i (4.29)
+ I ~ ~~~~~~~ 

tS3c~~
’
~’ 6 c ~~”> ( n + l ) At I ~ I ~ <~~~

. c~~~~~~~ ) (n+l )At I
n—3 ri— 3

~~T5
+ T

6
+ T

7

T
6 

can be bounded , using (2.4), as follows

T6 I K~~ ~ ~~~n+1 j
1 I 6 c ’~”I (n+1 ) l it

O n=3 j~~0
(4 . 3 0 )

1 -j ~~
’ ~Il 6C~ 1ll (n+l) + K ~~~~~~~~~~~~~~~~~~~ . 

I 
‘

n= 1 T I 1

Then using a technical suj rmtation by parts argmn~ent and estimates like those used in
(4. 3~ we can obtain (see 112, p. 27—29] for details)

— 2 2
T5 + T7 (n+i) + ILM~if ~~1~t} + .H

~~~ 111&lit

2 
6 9.—i 2 

+1 2 2 (4.31)
+ 1({II~ II1lit + (at) + + II + if~~~~~~ 111(n+l)lit)

+ l%.2
I
~~ 

fl £lit

As in (4.20), we see that

~~~~~~~~~~~~ I I ~~ X
101p~~{ ~ 111~~ fl+l ’i

11, + (8t ) 4}ll c~
”
~’III~(n+1)n=3 n=3 i—O 

(4.32
9.—i 2

I K(u) (lit)
6 + 4K

10,~ ~ ~~~~~~~~~~~~~~ .
n—O

Next , by iterating sufficiently often to satisfy (4.21) , combining (4.23) — (4.32),
and using (4.9), we obtain
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-
~ 
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-
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~ I V ( n+1 )  ~~~
0 f l

~ i i  + tAtII~~~fl } 
~~ 

Il~ fl~lII
:
fl+lA~

+ K(u) Ih
2r 

+ (lit)6) + x12
if r tII Llit ( 4 . 3 3 )

+ K ( u )~~~{II ~~~h I I + ~~~~~~H1
(n+l)At}{H 6ç’I n + At )  .

Now adding inequa l i t i e s  (4.15) and (4.33) to 1(
4 

tUnes inequality (4.22) and sin-
I i f y i n q  we obtain

II ~~~ 112 + II ~ lI~tA t  + III ~~~~~ III 
2

1n+u + ~ 
~~~~~~ H

2
~ 1~t ‘

< ~ ( U ) { h 2
~ + ( l it ) 6 ) + 4K 12lIC~hAt (4 . 3 4 )

+ k (u )  ~ {II ~ni ’t’1 II + H~~
n+i O

2
li~~} {fI ~~~n h l

2 
+ At )

We next indicate how to treat the term multiplied by 4K
12 on the right side of

(4.34). Note that for some ‘ 0 ,

ll c fl~u l l
2

(n+i ) lit - ll ç~!l2nlit — ~~~ II lit 
2

I ~~~~~~~~~~ + ~ll~~1I At

We sum (4.35) from n = 3 to n = 9. — 1, multiply the results by 
~~12 + ~~~, and

add the final inequality to (4.34). Then take E ], 
< (81(12 + 1) 1. Next, we make

the induction hypothesis that

t—l 2

~ lI~~ II n < 1 . (4.36)
n=1 L

Then it follows from (4.34) — (4 .36)  and Lemma 4.3 that

2

~ Il~~ Il n < 2  exp (( l+T)~~(u) )~~(u) [h 2X’ + (A t ) 6
1 . (4.37)

n~ l

It then follows from (4.37) and the inverse hypothesis (2.3.c) that

9.—i 2 t— l 2I II~ ”~O J~ I 
K0h

d 
I .5. Kh~~~[h

2’
~ + (A t ) 6] . (4 .38)

n=l L n~’i

We note that the right hand side of (4.38) tends to zero as h tends to zero if
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